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Nonlinear photonic architecture for fault-tolerant quantum computing
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We propose an architecture for fault-tolerant quantum computing that incorporates strong single-
photon nonlinearities into a photonic Greenberger-Horne-Zeilinger-measurement-based architecture.
The nonlinearities substantially reduce resource overhead compared to conventional linear-optics-
based architectures, which require significant redundancy to accommodate probabilistic photon
generation and probabilistic entangling operations. By removing linear-optical failure modes, our
nonlinear architecture can also tolerate much higher optical losses than linear approaches, with
a baseline loss tolerance of approximately 12% using a 32-photon resource state and a foliated
surface code. Nonlinear photonic architectures provide a route to dramatically improving practical
implementations of fault-tolerant quantum computing.

I. INTRODUCTION

Recent years have seen significant progress towards the
realisation of fault-tolerant quantum computers, with the
advent of more efficient codes [1, 2], and initial imple-
mentations of error suppression [3]. However, atomic
and electronic qubit platforms require high vacuum or
cryogenic containment [4-6] making it challenging to ac-
commodate the thousands of logical qubits required for
large-scale error-corrected algorithms [7-9]. Modular ar-
chitectures with electronic qubits networked via photonic
or optical interconnects solve this problem [10-12], but
these techniques remain immature compared with mono-
lithic demonstrations [13].

All-photonic approaches to quantum computing can be
natively modular, with fibre networking providing a nat-
ural route to large-scale systems. Furthermore, photons
do not suffer from environmental thermal, electrical or
magnetic noise, and can support high bandwidths. Pho-
tonic processors are already being deployed in data cen-
tre environments and can be mounted in mostly stan-
dard server racks [14-16]. However, linear-optical ar-
chitectures rely on probabilistic photodetection to cre-
ate heralded non-Gaussian entangled states [17, 18]. To
achieve deterministic operation, each state generator uses
nested layers of multiplexing [15, 19], resulting in very
large component counts, and requiring many layers of
optical switching, which to date remain too lossy for any
demonstrations of error correction. Alternative platforms
based on quantum dots can generate photonic entangle-
ment with substantially reduced multiplexing overhead,
but in these schemes the quantum dot itself acts as a
single-photon nonlinearity rather than a purely linear op-
tical element.

We adopt a hybrid approach based on nonlinear op-
tics, where strong atom-light coupling mediates pho-
ton—photon interactions, enabling the near-deterministic
generation of non-Gaussian photonic states. Recent ad-
vances at ORCA and other groups [11, 20-22] demon-
strate that such strong nonlinearities can support pho-
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ton—photon coupling and are experimentally achievable.
We still employ heralding and a degree of multiplexing,
to mitigate the effect of moderate losses. Nevertheless
we find that the use of nonlinearities dramatically re-
duces the number of components and the number of
switching layers required. At the same time, we find
that standard error correcting codes can accommodate
significantly higher optical losses, once the linear-optical
resource state generators are replaced with better per-
forming nonlinear generators.

It is not surprising that introducing a photon-photon
interaction enables a more efficient approach to comput-
ing. Hybrid approaches based on optically networked
spin qubits [10, 11, 22-24] are essentially leveraging the
same physics, combining deterministic entangling oper-
ations with photonic interconnects. However, in these
approaches, quantum information ’lives’ in the spins for
many clock cycles, which requires atomic systems with
a carefully isolated spin environment. This often en-
tails low-temperature cryogenics with controlled mag-
netic fields, spin-pumping techniques or high vacuum
systems and laser cooling techniques. Optical interfaces
with trapped atoms are either lossy [25, 26] or narrow-
band [27], and solid-state spin-photon interfaces exhibit
large variance in their resonant frequencies over time [28]
and between devices [29]. By contrast, an atom-mediated
non-linearity acts only when photons impinge on it, and
does not require sustained spin coherence. Thus a hybrid
system of this kind can retain the advantages of photon-
ics as a platform, i.e. — modular, fibre-networked, broad-
band, and environmentally robust — while sidestepping
the challenging hardware overhead and loss requirements
of a linear-optical architecture.

In this work, we present a universal fault-tolerant pho-
tonic measurement-based quantum computing architec-
ture. Our approach is based on single-photon nonlin-
earities and n-qubit Greenberger-Horne-Zeilinger (GHZ)
measurements. We construct the required resource states
using these nonlinearities and incorporate them into the
measurement process to realise stabiliser measurements
on a surface code. Within this framework, we analyse
the loss tolerance of this architecture and demonstrate
improved robustness to loss, alongside reduced resource
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requirements, compared to existing approaches.

II. GHZ-MEASUREMENT-BASED
ARCHITECTURE

In measurement-based quantum computing
(MBQC) [30-32], resource states are created and
then consumed through a series of measurements that
both drive the computation and facilitate error correc-
tion. We adopt an MBQC architecture based on small,
encoded two-qubit resource states and multipartite
entangling measurements [33]. This approach shifts the
most demanding aspects of computation away from the
resource state generation — which is comparatively easier
for smaller states — and instead onto the measurement
circuits. We provide a brief introduction to the GHZ-
measurement-based architecture in the following section,
with more information available in Reference [33]. We
use the cyclic variant of this architecture which showed
better performance than the minimal variant. The cyclic
architecture incorporates additional encoding redun-
dancy to provide an overcomplete set of measurement
outcomes.

A. Resource states

A resource state is an entangled state of photons that
can be networked to make a logical qubit. We use entan-
gled two-qubit states called two-chains as our primary
resource (see Figure 1(a)). The two-chain state can be
described by the stabilisers Z7 X5 and X175, where X;
(Z;) is the Pauli-X (Pauli-Z) operator acting on the i-th
qubit. This strategic choice is driven by their inherent
simplicity, making them significantly easier to generate
compared to larger, more complex entangled states.

In this work, we implement the surface code by us-
ing four-qubit GHZ measurements which are expressed
in terms of Bell state measurements. Each input qubit is
encoded in a two-qubit repetition code, with stabilisers
ZioZip and the logical operators of the encoded qubits
are

Zi = Zia ~ Zip

_ (1)
Xi = XiaXiv,

where Z;, and Z;;, are logically equivalent. The resulting

state is called a doubled two-chain (Figure 1(a)) and is

described by the stabilisers

R = {X1eX 10224, Z1aX2a X2, Z10a 210, Z2a Lo} (2)

Photon loss is the dominant source of error in optical
quantum computing platforms [32, 34, 35]. In photonic
architectures, photon loss reduces the success probability
of resource-state preparation and leads to erasure events.
The former can be improved via multiplexing, while the
latter can be mitigated through redundant encoding of
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FIG. 1. Resource states and measurements in the GHZ-
measurement-based architecture. (a) We use encoded dou-
bled two-chains as our resource states and these are sent to
a measurement module. (b) The measurement module per-
forms a four-qubit GHZ measurement (blue) on four input
qubits. (c) Measurement operators associated with the four-
qubit GHZ measurement. Each input qubit is encoded in a
two-qubit repetition code (doubled two-chain) to perform the
four-qubit GHZ measurement in terms of (d) physical Bell
state measurements which measure the operators X; Xs and
Z1Z5 (green).

the quantum information. We therefore incorporate ad-
ditional redundancy into our resource states by using the
quantum parity code (QPC) resulting in QPC(n, m), en-
coded two-chains, where r = 2 indicates the doubled
chain introduced earlier. Further details on various en-
coded resource states are provided in Appendix A.

B. Measurement module

The measurement module (see Figure 1(b)) in our
architecture facilitates both quantum computation and
fault-tolerant error correction. It measures the Pauli op-
erators {X1X2X3X4, leg, ZQZg, ZgZ4, Z1Z4} to iden-
tify errors, and reconfigurable measurement bases enable
the implementation of Clifford gates on logical qubits.

As mentioned in the preceding section, we decom-
pose the four-qubit GHZ measurements into physical Bell
state measurements. The measurement outcomes corre-
spond to the eigenvalues of the operators

M = {X1,Xop, Z10 22, X2a X3p, Z2a Z3p,
X3aXap, Z3aZay, X4a X1, ZaaZ1b}s (3)

which generate the group associated with four-qubit GHZ
measurements. The logical operator X; X5 X3X, is given
by the product of all X;,X; 1), operators, and the logi-
cal operator Z;Z;11 = Z;qZ;+1p. The stabiliser group of
the resource states and the group of measurement oper-
ators determine the check operator group and the corre-
sponding syndrome graph, both of which are discussed
in more detail in Appendix B.



To analyse the loss tolerance of our architecture
for a given resource state encoding, we must evaluate
the eigenvalue return probability of our measurements.
Specifically, for a QPC(n, m), encoded two-chain state,
we perform QPC(n, m)-encoded Bell state measurements
(Figure 1(b)). The eigenvalue return probability quanti-
fies the likelihood that the measurement returns the cor-
rect eigenvalue of the target operator and includes the
effect of loss, characterised by the loss rate 7. For linear-
optical Bell measurements, these are given by

P(zzm™) =1 - [1 - % (1- fy)mr

P(Z‘.T(n’m)) — (1 _ ,ym)n7

(4)

where v =1 — (1 — )2, with n = 0 corresponding to the
lossless case. Even in the absence of loss, the probability
P(z2(™™)) is less than one, and so in general quantum
error correction must accommodate not only for losses
but also for these intrinsic measurement-induced fail-
ures. Note that the eigenvalue return probabilities for
the rotated QPC-encoding can be obtained by replacing
zz("m™) with zz(™™) and vice versa.

III. NONLINEARITIES FOR PHOTONIC
QUANTUM COMPUTING

Now we turn to the nonlinear architecture, where we
introduce an additional component that deterministically
implements a nonlinear sign-shift gate [36], by means of a
single-photon-level Kerr interaction, i.e., [1) —|1), [2) —
—|2). Such strong nonlinearities are often accessed by
single-emitters strongly coupled to an optical field, for
example a single atom in a cavity [37] or a single quan-
tum dot coupled to a waveguide [38]. In these cases, the
nonlinear element can also function as a single-photon
source [39].

At ORCA, we use atomic ensembles in optical cavi-
ties to realise a single-photon nonlinearity. The same
physics that underpins the strong Kerr interaction also
means the system can be used as a deterministic single-
photon source. In principle, this allows for near-
deterministic resource state generation and measure-
ments, massively reducing multiplexing requirements and
overall resource overhead, while significantly improving
the fault-tolerance threshold beyond what is achievable
with linear-optical approaches.

A. Nonlinear photonic entangling gate

Given a nonlinearity that induces a relative m phase
shift between one- and two-photon components, one can
realise a nonlinear router that spatially separates these
components [40, 41]. That same module also enables di-
rect implementation of a deterministic controlled-Z (CZ)
gate in a photonic platform, as illustrated in Figure 2.
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FIG. 2. Qubit gates and state preparation using nonlineari-
ties. CZ gate in (a) the qubit picture, (b) using a ZX-diagram,
and (c) implemented on dual-rail photonic qubits using bal-
anced beam splitters (vertical black lines) and nonlinearities
(yvellow triangles). This nonlinear photonic CZ gate can be
used to directly generate small seed states, such as (d) Bell
states or (e) three-qubit GHZ states, as depicted using equiv-
alent ZX-diagrams and optical circuits.

Qubit 2

This represents a significant advantage over purely linear-
optical systems, where such gates are inherently proba-
bilistic and can consume more photons than they output.
The nonlinear module can be used to deterministically
generate small entangled seed states [18], such as Bell
states and three-qubit GHZ states, with the correspond-
ing optical circuits shown in Figure 2.

The nonlinearity we consider would enable near-
deterministic two-photon gates and so is in principle suf-
ficient for universal gate-based quantum computation.
Nevertheless, we adopt a measurement-based approach,
motivated by the need to maintain shallow circuit depths
to minimise photon loss, which is crucial for achieving
fault tolerance for photonic systems. In our architec-
ture, the single-photon nonlinearity is used both in the
resource-state generator, where it enables the generation
of entangled states, and for near-deterministic operations
in the measurement module.

B. Resource state generator

The resource state generation process begins with the
deterministic generation of single photons, which are
routed into nonlinear seed-state generators to produce
small entangled states (Figure 2(d,e)). One photon from
each seed-state generator is routed to an entangling cir-
cuit which projects the surviving seed-state photons into
the desired resource state (Figure 3). Within the entan-
gling circuit, the photons undergo both partial and full
n-qubit entangling operations. Example circuits for the
case of n = 2 are shown in Figure 4.

Photons propagating through entangling circuits may
experience loss, but such loss is heralded — if an insuffi-
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FIG. 3. Schematic of a resource state generator. A subset of
photons from each seed state is routed to an entangling cir-
cuit. Upon successful detection of photons within this circuit,
the photons in the resource branch are projected into an en-
coded 2-chain state. Losses in the entangling branch decrease
the success probability of resource state generation and losses
in the resource branch directly impact the loss threshold rel-
evant to computation and error correction.
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FIG. 4. Entangling gates based on the nonlinear photonic CZ
gate. (a) two-to-one-qubit entangling gate and (b) two-qubit
entangling gate (Bell state measurement). These are used
in the entangling circuit for resource state generation. The
circuit shown in (b) is also used in the measurement module.

cient number of photons are detected within the entan-
gling circuit, the generation attempt is discarded. As
a result, loss is the only mechanism that reduces the
success probability of the nonlinear entangling circuit.
Consequently, the multiplexing requirements are signif-
icantly reduced compared to linear-optical approaches,
where multiplexing must compensate for both loss and
the probabilistic nature of state generation and entan-
gling measurements. We determine that just a single
stage of multiplexing is sufficient to make the overall non-
linear resource state generation near-deterministic, com-
pared to some estimates of six stages for linear-optical
architectures [42].

The output photons forming the resource state will also
be subject to loss. However, these photons interact only
with the seed-state generator before being measured for
computation and error correction and so the associated
loss is correspondingly low.

C. Improved performance with nonlinearities

Optical nonlinearities are incorporated into the im-
plementation of the four-qubit GHZ measurements,
enabling near-deterministic performance.  For Shor-
encoded QPC states, the eigenvalue return probabilities
are

P(zz™™) =1~ [1—(1=7)"]"

P(aa™™) = (1—y™)", ©)
where the first probability now exceeds the value for the
linear-optical approach given in Eq. (4). The error cor-
rection scheme no longer has to account for failures of
the entangling measurement arising from the probabilis-
tic nature of linear-optical circuits. This significantly en-
hances the loss tolerance of our architecture, as we dis-
cuss in Section IV.

D. Networking

Networking logical qubits is essential for running large-
scale algorithms and typically presents a significant chal-
lenge for hardware platforms. In matter-based qubit
platforms, logical qubits located on different chips can-
not be easily interconnected [43]. Establishing such con-
nections requires the development of optical interfaces
that enable correlations between qubits through entan-
gling operations, such as Bell-state measurements [10-
12]. Consequently, these platforms must introduce en-
tirely new technologies to support logical multi-qubit
gates. In contrast, photonic quantum computing offers
a more natural way to network qubits because the same
techniques used to generate correlations between physi-
cal qubits can be extended to logical qubits. However, in
both linear-optic and matter-based platforms, network-
ing will be constrained by the probabilistic nature of
linear-optical entangling measurements. Our nonlinear
platform offers a substantial advantage over approaches
that rely on linear optics for networking qubits. We can
create entanglement deterministically using the CZ gate
introduced in Figure 2 and the entangling measurements
in Figure 4(b). Networking in our platform uses the same
technology that is being developed for the creation of our
resource states and measurement modules.

IV. FAULT TOLERANCE

We develop a universal, fault-tolerant photonic archi-
tecture for quantum computing. We use the foliated ro-
tated surface code [44] as our quantum error correction
scheme to mitigate the impact of errors. It is an adap-
tation of the standard surface code tailored for MBQC,
where the two-dimensional code is transformed into a
three-dimensional structure, enabling its use in photonic
quantum architectures. This code is constructed by
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FIG. 5. (a) Fault-tolerant base module comprising re-
source state generators (RSGs) and a measurement mod-
ule. The RSGs are multiplexed to make the generation near-
deterministic. Classical information from the measurement
module is routed to a classical processor which handles decod-
ing, Pauli frame tracking, feed-forward and change of mea-
surement basis to implement logic. (b) Copies of this base
module can be connected to generate the RHG lattice, with a
representative cell shown here. Encoded two-chains are com-
bined using entangling operations (circles around nodes con-
nected by thicker lines) which are four-qubit GHZ measure-
ments in the bulk of the lattice and measurements on smaller
numbers of qubits (e.g., Bell measurements) at the bound-
aries.

stacking multiple layers of the surface code along the tem-
poral axis, resulting in a large-scale fault-tolerant struc-
ture known as the Raussendorf-Harrington-Goyal (RHG)
lattice [45].

Loss is the main error mechanism for photonic quan-
tum computers and is flagged by failure to detect the
expected number of photons. As outlined earlier, we
use additional redundancy in our resource states and
shallow optical circuits — where each photon interacts
with only a few components before being detected — to
mitigate loss.

We construct the RHG lattice by using copies of a
base module that creates multiplexed resource states
and routes them to the appropriate measurements
(Figure 5(a)). A representative cell of the RHG lattice,
constructed from two-chain states and multiqubit mea-
surements, is shown in Figure 5(b). A classical processor
takes classical information from the measurement mod-
ule and performs decoding, configures switch settings
to implement logic, and keeps track of the Pauli frame,
which records accumulated Pauli errors that do not
require physical correction during computation.

The loss threshold describes the maximum loss per
photon that can be tolerated while protecting the log-
ical qubit. We determine loss thresholds through Monte
Carlo simulations that check when qubit losses span op-

. Number of | Loss per photon
Encoded two-chain photons threSholg (%)
Doubled (r = 2) 4 3.1
Shor encoded QPC(1,2)2 8 5.3
Shor encoded QPC(2,2)2 16 8.7
Rotated QPC(4,2)2 32 11.5
Shor encoded QPC(6,4)2 96 15.1

TABLE I. Single-photon loss thresholds as a function of the
number of photons in the resource state for our nonlinear
architecture. The resource states are QPC(n,m), encoded
two-chain states.

—8— ORCA 2-chain NL (no adaptivity)
—»— ORCA 2-chain LO (local adaptivity)
—6&— 6-ring LO (exposure based adaptivity)

—&— 6-ring LO (local adaptivity)
—<— 6-ring LO (no adaptivity)
4-star LO (local adaptivity)
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FIG. 6. Comparison of single-photon loss thresholds for non-
linear (NL) and linear-optical (LO) architectures. Adaptiv-
ity is not used for our NL thresholds (closed squares) but
is used for LO thresholds to enhance loss tolerance. The
closed triangles denote the GHZ-measurement-based archi-
tecture [33] without nonlinearities, while all other LO values
correspond to fusion-based architectures employing six-ring
(red) and four-star (green) resource states [32, 34].

posing boundaries of the surface code on either the primal
or dual lattice, with each lattice treated independently,
resulting in a logical loss. For each resource state, we
run 50k Monte Carlo samples and check for a logical loss
to estimate the logical error rate. The simulated surface
code has dimension d x d x (2d+ 1), and we scan the loss
rate n against the logical error rate for code distances
d € {11,13,15}. The results are shown for different en-
codings of our resource state in Table I.

The loss thresholds of our nonlinear architecture are
calculated without making use of advanced techniques,
such as adaptivity or active error mitigation, yet still re-
main competitive with linear-optical approaches which
do incorporate such techniques, as shown in Figure 6.
We anticipate that the threshold for our nonlinear ap-
proach can be further improved by using adaptivity. Our
architecture provides the required ingredients for uni-



versal fault-tolerant quantum computation within the
measurement-based framework. In particular, universal-
ity is achieved in the standard way via magic state in-
jection for non-Clifford operations [46]. The architecture
can also implement alternative error-correcting codes by
adapting the number of qubits involved in the multipar-
tite measurements and modifying their routing across the
networked modules.

V. IMPLEMENTATION

Our architecture can be optimised to trade off hard-
ware efficiencies against resource overheads for generat-
ing and entangling photons. We choose the 32-photon
resource state with 11.5% loss threshold and find that
sub-threshold operation is compatible with projected ef-
ficiencies for our proprietary components, such as inte-
grated photonic optical switches and optical nonlineari-
ties. Photonics has a significant scaling advantage over
other platforms: The number of photonic qubits can be
increased by leveraging the time domain through optical-
fibre delays [47]. Each resource state generator can be
reused to produce many resource states in the same op-
tical fibre. This is in contrast to matter-based systems,
where scaling necessarily means more physical qubits and
a larger footprint. For a single logical qubit, we esti-
mate our architecture requires fewer than 10k nonlinear
single-photon sources, which is several orders of magni-
tude less than numbers reported for linear-optical archi-
tectures [15, 42].

The biggest footprint factor for purely linear-optical
designs comes from the cryogenic cooling of many mod-
ules, driven by the need to tightly co-integrate compo-
nents with superconducting photon detectors to imple-
ment low-latency multiplexing logic [15, 48]. These sys-
tems can comprise substantial custom cryoplants with
building-size footprints. In contrast, the minimal multi-
plexing requirements of our nonlinear architecture allow
us to decouple the cryogenic requirements of photon de-
tection from all other optical circuitry: Our photonic in-
tegrated circuits, switch networks, electronics, nonlinear-
ities and delay lines do not need to be engineered for cryo-
genic operation. The system therefore operates mainly
at room temperature and only a modest number of de-
tectors need to be cooled to realise a single logical qubit,
putting our needs within reach of commercial solutions.

VI. CONCLUSION

In this work, we have introduced a universal fault-
tolerant photonic measurement-based quantum comput-
ing architecture based on single-photon nonlinearities.
The architecture enables the near-deterministic construc-
tion of entangled resource states and measurement oper-
ations that implement error correction and underpin the
computational framework. This results in significantly

improved resource efficiency and enhanced loss tolerance
compared to existing approaches.

Our analysis focuses on photon loss as the dominant
error mechanism. Other error sources, such as photon
distinguishability [49] and multiphoton contamination,
can be incorporated into our analysis and, to leading
order, are expected to introduce additional erasure er-
rors and Pauli-type errors. We have assumed ideal -
nonlinearities in this study, and future work will incorpo-
rate more sophisticated models to accurately describe the
performance of the practical implementations we are de-
veloping. Our architecture is also compatible with non-7
nonlinearities which provides additional flexibility in the
implementation.

Scaling remains one of the central challenges facing
the construction of universal, fault-tolerant quantum
computers. Our nonlinear photonic architecture sig-
nificantly reduces multiplexing overheads and physical
footprint, enhances loss tolerance, and lowers compo-
nent performance requirements. It therefore enables
the development of scalable systems that leverage the
inherent modularity of photonic interconnects, while
avoiding both the extensive high-vacuum and cryogenic
infrastructure needed to sustain spin coherence, and
the impractical spatial footprints of warehouse-scale
linear-optical systems. Nonlinear photonic architectures
provide a route to dramatically reducing the size and
timeline for fault-tolerant quantum computing.
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VIII. APPENDICES

Appendix A: Resource state encoding

The resource states used in our quantum computing
architecture are minimal in size, consisting of two-qubit
graph states, referred to as two-chain states. To im-
plement GHZ measurements using Bell measurements,
we apply a two-qubit repetition code to each qubit, an
approach we refer to as doubling (r = 2). To fur-
ther enhance the loss tolerance of the system, we en-
code each node in the doubled two-chain resource state
in a QPC(n,m) code. A QPC(n,m) encoding refers to
a quantum parity check code, which can be viewed as a
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FIG. 7. The resource state in our architecture is a two-chain
state. The two-chain state is first encoded in a repetition code
which means we end up with a doubled two-chain (r = 2).
Each qubit in the double two-chain can be further encoded in
a QPC(n,m) code to improve the loss tolerance of the state.

generalisation of the Shor code [50]. Here, m denotes the
number of physical qubits used to encode a single block-
level qubit, and n specifies the number of such blocks in
the code
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We adopt the following convention for the rotated QPC
encoding

(A2)

|+(n7m)>rot = |0(n7m)>Shor (A?))
=) or = 1) g (A4)

rot

As a result, our resource state becomes a QPC(n,m),-
encoded two-chain. We evaluate the threshold perfor-
mance for several such encoded two-chain states. The
corresponding encoding circuits (or encoders), up to the
QPC(4,2)2-encoded two-chain, are provided in Figure 7,
using the framework developed in [51].

Appendix B: Syndrome graph

In our measurement-based quantum computing frame-
work, the error correction code is constructed using re-
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FIG. 8. Diamond check operator Cq for a 4-qubit GHZ mea-
surement. (a) ZX-diagram representation of four two-chain
resource states, where one qubit from each resource state par-
ticipates in the four-qubit GHZ measurement, implemented
via Bell measurements. Pauli webs [52] illustrate the emer-
gence of the diamond check operator, where thicker lines in-
dicate a measurement outcome. (b) Explicit depiction of the
diamond check operator associated with the four-qubit GHZ
measurement. (¢) Syndrome graph corresponding to the four-
qubit GHZ measurement constructed from the ZZ measure-
ment outcomes.
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FIG. 9. (a) Example of a 2D slice of the RHG lattice (foliated
surface code) represented in ZX-calculus. Check operators are
illustrated using Pauli webs. (b) Corresponding syndrome
graph.

source states that define the state of the system through
a stabiliser group R [53].

This group R comprises the stabilisers associated with
all resource states involved in the computation. During
the execution of quantum operations and error correc-
tion through measurements, a measurement group M is
generated. The set of check operators C is then defined
as the group C = R N M, which serves to detect specific
errors occurring during the computation [33, 34, 45, 54].
Each error is associated with precisely two violated par-
ity check operators [32, 45], and the collection of these
violations constitutes the error syndrome.

Detectable errors are those that anticommute with at
least one stabiliser in the measurement group, resulting
in a change in the eigenvalue (parity) of two check oper-
ators. In contrast, undetectable errors commute with all
stabilisers in the measurement group and therefore leave
the eigenvalues of all check operators unchanged. As a
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FIG. 10. (a) Unit cell of the RHG lattice represented using
ZX-diagrams and with Pauli web overlay. (b) Corresponding
syndrome graph and volume check operator.

result, these errors do not produce a detectable syndrome
and cannot be identified through measurement alone.

To visualise these syndromes we use a graphical repre-
sentation of the observed error patterns called the syn-
drome graph. In this graph, vertices correspond to check
operators, while edges represent individual measurement
outcomes. The syndrome graph provides a powerful
framework for identifying and correcting errors in quan-
tum error correction codes, enabling a systematic analy-
sis of error patterns and efficient recovery strategies.

If an even number of errors occur at a given check op-
erator, their combined effect commutes with the check
operator, and thus the overall parity remains unchanged.
Consequently, no violation is detected at that check oper-

ator. This phenomenon allows error chains to form when
multiple correlated errors collectively preserve the parity
at intermediate check operators, thus only triggering vi-
olations at the endpoints. These chains manifest in the
syndrome graph as paths connecting pairs of check oper-
ators with flipped parity which represent the endpoints
of the error syndrome.

Stabiliser generators and check operators of a quan-
tum state can be identified using ZX-calculus [51, 55],
together with Pauli webs [52], which are graphical dec-
orations on the ZX-diagram that reveal the underlying
stabiliser structure of the state. Check operators cor-
respond to Pauli webs that have support exclusively on
internal nodes, with no connections to external legs of
the ZX-diagram. We use Pauli webs to present three ex-
amples of check operators and their associated syndrome
graphs: a single 4-qubit GHZ measurement (Figure 8),
a two-dimensional slice of the surface code (Figure 9),
and a full unit cell of the RHG lattice (Figure 10). The
primal syndrome graph depicts red-colored edges corre-
sponding to ZZ-type outcomes, and blue-colored edges
correspond to [[, X;-type outcomes. For the dual lat-
tice, the complementary set of measurement outcomes —
those not used in the primal lattice — are used to extract
the syndrome. Photon loss in the resource branch or the
measurement module results in the erasure of outcomes
from the 4-GHZ measurements. When such eigenvalues
are missing, the standard construction of check operators
is no longer feasible. To enable continued error detection
in the presence of these erasures, we construct supercheck
operators [56, 57] by combining the two affected check op-
erators. The resulting supercheck is independent of the
missing measurement outcome. Logical loss occurs when
the erasures span the lattice in such a way that they
connect opposite boundaries. While we currently focus
only on loss errors, the deformed lattice constructed from
checks and superchecks is used to decode Pauli errors us-
ing standard decoders such as minimum-weight perfect
matching [58] or union-find decoding [59].
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